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Viterbi Algorithm

Initialization:
01(1) = max P(q; = S;,01) = m; b;(Oy), 1<i<N
Forward Recursion:
0x(J) =max P(q1, ..., qk—1,qk = Sj,01,04,...,0%)
= max [aij bj(Or) max P(qi, ..., q—1 = Si, 01,04, ...,05_1)
= max [azj bj(ok)ak_l(i)}, 1<j<N 2<k<K

Termination:
P* = max [0 (i)]

H: Hidden states: N« S¢ F
S: Observable states: FP« P. T
Hy: Initial State Distribution: pg(N) = 0.5, p(S) = 0.5, po(F) = 0.

Observations: (Oq,04,03) = (F'P,T,SP). but as O is unreliable. it can actually be any of the
TP. SP. and T states so (01, 02,03) = (FP,?,SP).

Timeout?
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Goal:

argmaxHO’Hl’HQ,HSp((Ho, H,,H,, H3)|(0O, = FP,03 = SP))

QD)
o p((Or = FP,03 = SP)|(Hy, Hy, Hy, Hy)) x p(Hy, Hy, Ho, H3)
Viterbi:
5,5(2) = Hof.f.l.%(, p<H07' . 'aHt—17Ht = 7;7 Ol?' . '7Ot)
VE>0:0,(i) = jeax 0-1(7) x p(ilj) x p(O|Hy = 7) M
Urs0(i) - argmaxe y g py0r-1(7) X p(ilj) X p(Oe Hy = i)
® t="
— 0(N)=0.5
[ J t:\

= 01(N) = p(FP|N)xmazx(éo(N)p(N | ) 00(S)p(N1S), 0o (F)p(N|F)) = 0.9xmax(0.5x
0.7,0.5 x 0.2) = 0.315; ¥1(N) =
= 01(5) = p(FP|S) xmax(do(N)p (Sl ):00(S)p(515), 60(F)p(S|F)) = 0.1 x max(0.5
0.3,0.5 x 0.6) = 0.03;  1(S) =
— 01(F) = p(FP|F) x ma$(5o(N)p(F\N),50(5)p(F\5)>50(F)p(F\F)) =
e t=Y Note: There is no observation obligation here so we can omit the p(O|H3) part.
= 09(N) = max(6;(N)p(N|N),01(S)p(N|S), 61 (F)p(N|F)) = maz(0.315 x 0.7,0.03 x
0.2) = 0.220; (N) = N
= 01(S) = maz(0g(N)p(S|N), do(S)p(S|S), 0o (F)p(S|F)) = max(0.315 x 0.3,0.03 x
0.6) = 0.094; ¥o(S) =N
— 0 (F) = maw(éo( )p(F|N) 3o (S)p(F|S),00(F)p(F|F)) = max(0.315 x 0,0.03 x
0.2) = 0.006; by(F) =
o t=Y
— 03(N) = p(SP]N)Xmax((SQ(N)p(N]N),52(S)p(N\S),(52(F)p(N\F)) = 0.1xmaz(0.220x
0.7,0.004 x 0.2) = 0.015; ¢h3(N) =
= 03(5) = p(SP|S)xmaz(da(N)p(S|N), 52( )p(S|S) 2(F)p(S|F)) = 0.8xmax(0.220 x
0.3,0.094 x 0.6,0.006 x 0.5) = 0.053; 3(S) =
— 03(F) = p(SP|F)xmaz(ds(N)p(F|N), d2(S )p(F|S), S (F)p(F|F)) = 0.5xmaz(0.094x
0.2,0.006 x 0.5) = 0.009; 3(F) =

Backward:
® argmax,(d3(i)) = S
® Y3(5) =
® (N) =
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[ ’QZJ1<N) =N
Therefore. the most probable real states are: N — (N« N¢ S).

36 SeSLILs N(0) = 053580 edalie [0, 7] £ 635 4 Al Lboled diol p o N() S 55 ¥
el 25 e 4 Asls 5l

el s a2l 531 lyls N (1) ol b ot 2 6l @
SESh>04, @
P(N(t+h)—N(t)=1)=60h+o(h) P(N(t+h)— N(t) >2)=o0(h)
el pglasls gl G 0> 001 s oS
N(T) =na 2ol ol ssb a5 1S o odalin T ol B 1y €500 s JS Lo
N O LY
sl s 0 [0, TT 830 (555 b ol o 15 L(0) (plodcannys @b (o,a3%) )
LS o | 0 o (MLE) 4t olodcaw)s S350 (,00F) .Y
S ales |y Var(0) Ssbols s B[] ool Aol (5,05F) ¥
sl s 0 ol 05 5l S350 sl LT Bl S b 01 5 Tk ledbl (0,0 F) L

.J‘rAJ Cyﬁ); b 3)3- J:JJ Qw‘ (efﬁcient) \)Kf&)}Tx &3 éLJ (oj.«.:\c) .0

Proof that the counting process is Poisson
Assume a counting process N () satisfies:

(Y N(0) = 0 (Y Independent increments (Y For small 2 > 0:
P(N(t+h)—N(t)=1) =6h+o(h),

P(N(t+h)—N(t)=0)=1—60h+ o(h),
P(N(t+h) — N(t) > 2) = o(h),
where 6 > 0.
We prove that N(7") ~ Poisson(67").

Divide the interval [0, 7] into m equal parts of length

Let

Fisher information”
Cramér-Rao*
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By independent increments. the variables X, ..., X,, are independent.

For small A:

P(X; >2)=o0(A).
Thus. each X; behaves like a Bernoulli variable with success probability

Pm = 0A 4+ 0(A).

Since

we obtain approximately

Hence:

Substitute A = T'/m:

Now take the limit as m — oo.

First. T . .
(1—pn)™ = <1 —0—+ 0(—)> — e T
m m
Second«
BIOEE
— ) — —.
n m n!
Therefore. o
lim P(N(T)=n) = e_eTu.
M—00 n!
Hence:

N(T) ~ Poisson(67).

Since this holds for every 7' > 0. the process {N(¢)} is a Poisson process with rate 6. For a

Poisson process.
T n
Py(N(T) = n) = e—9T—(9n‘> :
The log-likelihood is
0(0) = =0T 4+ nlog 6 + nlogT — log(n!).
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Differentiating and setting to zero:

0O)=-T+"2 = o=".
(0) + 7 0o = 7
Since N(T') ~ Poisson(0T).
A N 0
Ef =0 0) = —.
=0, Var(d) = 2
The Fisher information is T
1(0) = —
( ) 0 Y
and the CRLB is .
0) > —.
Var(6) > T

Hence 6 is efficient.

plad cdalas jsb @) Laogys dzeie s JS ek dBL A > 0 plaals 55 b O gl diol 3 S {IN(F) bino 48 2,8 .0
J.E.':)b C,.:b Iy tg € (O,T) sde Lol CAB T > OQT)J "y QJ:.SL;A odalin [O7T] 3)'[.3 S by (u:‘ﬁ slaole)
gt 1y Bda ConS 5 4K

g(N) := AZe Mo

R
sl B LTSN sl N(T) 8500 il b s IS 8Lt 5525 b a5 s OLES(o ,050) )
sl JolS N(T) 8,1 48" 1S culi(e 030) .Y

g p 3 So g0 4 1015 4l L g(A) )y (UMVUE) €008 3bs1s b ol s S350 a3V 0) ¥
Sl

=l
(a) If the observed path has N(7T) = n. the joint density of ordered arrival times 0 < u; <
e <u, <Tis

flug, ... un | N) =XNeM1{0<u; < <u, <T})

This depends on the data only through n = N(7T'). so by factorization N (7') is sufficient.
(b) Let N := N(T') ~ Poisson(AT"). Suppose E\[h(N)] =0 forall A > 0. Then for all A > 0.

h(k)

(AT)*
|

> \T)*
0=>" h(k;)e‘ATu — 0= -
k=0 ’ k ’

(e o]

after multiplying by e*”. The right-hand side is an entire power series in ) that is identically
0. hence all coefficients vanish: h(k)/k! = 0 for all kc so h(N) = 0 a.s. Therefore N(T) is
complete.

(¢) Since N(T') is complete and sufficient. the UMVUE is the unique unbiased function of
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N(T). Let N ~ Poisson(AT") and set

to
=1—-= 0,1).

Use the factorial-moment identity (derivable from the pgf) for Poisson:
E[(N)2aV 2] = (\T)?eM D), (N)y := N(N —1).
Since a — 1 = —t( /T this becomes
E[(N)sa™7?] = (A\T)%e ™o,

Therefore an unbiased estimator of A2e o is

B N(T)-2
O(N) = %(N)QaN‘Ql{N >2} = N(T)(];(P D) (1 - %0) 1{N(T) > 2}.

Because ¢ is already a function of the complete sufficient statistic. it is the UMVUE:

B N(T)—2
UMVUE = N(TW;(QT) D (1 - %0) {N(T) > 2} |

oJpr-&.:LUij7“:\.),«3‘)KL}Mjmb—u:;d‘}!}b.)‘jjw)w):J\;ﬁfgﬁ&yb—jéﬁﬂ;—&‘f&b N4
)&JNwuﬁ;g,ﬁdu@g,jgsmgsgoﬁduww.m@jzsjts‘)}wsgr@uww\
er A ol S e 55 i |y s (650l oS 5415 e SOL 5L SO ol LS (S 650 |,
AL B s Blos 53 (55 0SB gl 2 (Sleslar b5 g e OIS S 53 LSS5
a3 a5l Jome ) o e 53wy 350 i (5 5L e 5l p el b SOL S ST 5
Wl 4 eSSl ps
S dloes 1y OF JUissl sladlaz! 5058 (5lwdibe B sSle 6,205 SO oy oo 4 |y dlicne (0,050) -
.Je,jwwbaﬁayduu@;j: (o,058) .Y
S s 05 gn g (38 DA (B pels K L SSL ST Skl 55 (o 09) Y

_
.\ States: The number of power banks at home. denoted by S;.
Transition probabilities:
® i £0,r:
— P(S;-1]5;): Low-battery alert in the morning )p«( but not in return )¢ = 1 — p(
=g

— P(S;|S;): Alert in the morning and in return or no alert neither in the morning
nor in return: = p? + ¢?

stationary distribution®

long-run rate’
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— P(S;41]5;): No alert in the morning. but low-battery experience in return = ¢p
e ;=0
— P(Sy|Sp): No alert in return = ¢
— P(51]Sp): Alert in return = p
® =7
— P(S,|S,): Alertin the morning and in return¢ No alert in the morning = p* + ¢
— P(S,-1]S,): Alert in the morning but not in return = pq

.Y According to steady-state equations:

7o = P(S0]S1)m1 + P(So|So)m = 7o = pqm1 + qmo = 7o = g7y

m = P(S1]S0)m0 + P(S1]S1)m + P(S1|Sa)my = 711 = p x qm + (p* + ¢*)m1 + pgma
= PqT1 = pqTy = T = T2

Ty = P(S|S1)m1 4+ P(S5|S)ma + P (S| S3)ms = m = pqma + (p* + ¢°) 7wy + pqrms
= PqT2 = pqT3 = T = T3

Vi <rym_q1=m = T =11 as

7 = P(Si|Si—1)miz1 + P(Si|Si)mi + P(Si|Sis1)miv1 = m = pgm; + (P2 + q2)7Tz' + PqTit1
= PqT; = pqTiy1 = T = Ti41

T
Zm:1:>q7r1+r*771:1:>7ﬁ:
i=0

qg+r

1
\4 0;71'2‘:7'(' :]_:—’7]' = qm =
# 1 g+ 0= qgm g+

)

.Y There are two such situations: .\ Being at S and seeing alert in the morning or being at .S,..
not seeing alert in the morning but seeing alert when returning from work. The long-run

probability would be:

2qp
X + X =
q+r P q+r w q+r

Q9

Mo XPp+m XqgXp=



