
Solutions – Homework 1 (Review of Probability)
Stochastic Processes – Fall 2025

Problem 1

Suppose A and B are two events with probabilities P (A) = 2
3 and P (B) = 1

2 .

(a)

Using the formula P (A ∩B) = P (A) + P (B)− P (A ∪B) and the fact that P (A ∪B) ≤ 1, we get:

P (A ∩B) ≤ P (A) + P (B)− 1 =
2

3
+

1

2
− 1 =

1

6

Also, P (A ∩B) ≥ 0 and P (A ∩B) ≤ min(P (A), P (B)) = 1
2 .

Thus, maximum possible value is 1
6 , minimum possible value is 0.

Example for maximum: When A ∪B is the entire sample space and A ∩B is as large as possible.
Example for minimum: When A and B are mutually exclusive.

(b)

Using P (A ∪B) = P (A) + P (B)− P (A ∩B) and P (A ∩B) ≥ 0, we get:

P (A ∪B) ≤ P (A) + P (B) =
2

3
+

1

2
=

7

6

But P (A ∪B) ≤ 1, so maximum is 1.
Minimum occurs when P (A ∩B) is maximum:

P (A ∪B) ≥ P (A) + P (B)−min(P (A), P (B)) =
2

3
+

1

2
− 1

2
=

2

3

Thus, maximum possible value is 1, minimum possible value is 2
3 .

Example for maximum: When one event contains the other.
Example for minimum: When A ∩B is as large as possible.

Problem 2

Suppose n balls are thrown into b bins such that each ball independently falls into one of the bins with equal
probability.

(a)

The probability that a specific ball falls into a specific bin is 1
b .

(b)

Let Xi be an indicator random variable for the i-th ball falling into the given bin. Then:

E[Xi] =
1

b

The expected number of balls in a given bin is:

E

[
n∑

i=1

Xi

]
=

n∑
i=1

E[Xi] =
n

b

1



(c)

This is a geometric distribution problem. The probability of success (ball falling into given bin) is p = 1
b .

The expected number of throws until a given bin contains at least one ball is:

E[T ] =
1

p
= b

(d)

This is the coupon collector problem. Let Ti be the number of additional balls needed to get the i-th new
bin after having i− 1 bins occupied.

Then Ti ∼ Geometric
(
b−i+1

b

)
and:

E[Ti] =
b

b− i+ 1

The expected number of balls until all bins contain at least one ball is:

E[T ] =

b∑
i=1

E[Ti] =

b∑
i=1

b

b− i+ 1
= b

b∑
j=1

1

j
= bHb

where Hb is the b-th harmonic number.

Problem 3

We prove by induction. For k = 2:

P (A1 ∩A2) = P (A1)P (A2|A1)

by definition of conditional probability.
Assume the formula holds for k − 1:

P

(
k−1⋂
i=1

Ai

)
= P (A1)P (A2|A1) · · ·P (Ak−1|A1 ∩ · · · ∩Ak−2)

Then for k:

P

(
k⋂

i=1

Ai

)
= P

(
k−1⋂
i=1

Ai

)
P (Ak|A1 ∩ · · · ∩Ak−1)

Substituting the inductive hypothesis gives the desired result.

Problem 4

(a)

Properties of CDF:

1. limx→−∞ F (x) = 0

2. limx→∞ F (x) = 1

3. F (x) is non-decreasing

4. F (x) is right-continuous

All properties are satisfied.
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(b)

1. P (0 < X < 1
4 ) = F

(
1
4

−
)
− F (0) =

(
1
4 + 1

2

)
− 1

2 = 1
4

2. P (X = 0) = F (0)− F (0−) = 1
2 − 0 = 1

2

3. P (0 ≤ X ≤ 1
4 ) = F

(
1
4

)
− F (0−) =

(
1
4 + 1

2

)
− 0 = 3

4

Problem 5

For p(x) to be a valid PMF, we need:

∞∑
x=0

p(x) = a

∞∑
x=0

(
2

5

)x

= a · 1

1− 2
5

= a · 5
3
= 1

Thus a = 3
5 .

(a)

P (X = 2) =
3

5

(
2

5

)2

=
3

5
· 4

25
=

12

125

(b)

P (X ≤ 2) =
3

5

[
1 +

2

5
+

(
2

5

)2
]
=

3

5

[
1 +

2

5
+

4

25

]
=

3

5
· 39
25

=
117

125

(c)

P (X ≥ 1) = 1− P (X = 0) = 1− 3

5
=

2

5

Problem 6

(a)

For Y = |X|, if X has PDF fX(x), then:

fY (y) =

{
fX(y) + fX(−y), y > 0

0, otherwise

(b)

For Y = e−XU(X), where U(X) is the unit step function:

FY (y) = P (Y ≤ y) = P (e−X ≤ y) = P (−X ≤ ln y) = P (X ≥ − ln y)

Thus:

fY (y) =
d

dy
FY (y) = fX(− ln y) · 1

y
, 0 < y ≤ 1

3



(c)

For Y = X2:
FY (y) = P (X2 ≤ y) = P (−√

y ≤ X ≤ √
y) = FX(

√
y)− FX(−√

y)

Thus:

fY (y) =
d

dy
FY (y) =

1

2
√
y
[fX(

√
y) + fX(−√

y)], y > 0

Problem 7

(a)

Using the law of total expectation:

E[E[X|Y ]] =

∫
E[X|Y = y]fY (y)dy =

∫ ∫
xfX|Y (x|y)dxfY (y)dy =

∫
xfX(x)dx = E[X]

(b)

Using the definition of variance and law of total expectation:

Var(X) = E[X2]− (E[X])2

= E[E[X2|Y ]]− (E[E[X|Y ]])2

= E[Var(X|Y ) + (E[X|Y ])2]− (E[E[X|Y ]])2

= E[Var(X|Y )] + E[(E[X|Y ])2]− (E[E[X|Y ]])2

= E[Var(X|Y )] + Var(E[X|Y ])

Problem 8

We want to minimize E[(X − h(Y ))2]. For fixed Y = y, consider:

E[(X − h(y))2|Y = y] = E[X2|Y = y]− 2h(y)E[X|Y = y] + h(y)2

Differentiating with respect to h(y):

d

dh(y)
E[(X − h(y))2|Y = y] = −2E[X|Y = y] + 2h(y)

Setting derivative to zero gives h(y) = E[X|Y = y].
Since this holds for each y, the optimal function is h(Y ) = E[X|Y ].

Problem 9

Let X and Y be jointly normal with parameters (µx, µy, σ
2
x, σ

2
y, ρ).

(a)

The marginal distributions are:
X ∼ N(µx, σ

2
x), Y ∼ N(µy, σ

2
y)

(b)

The conditional distribution is:

Y |X = x ∼ N

(
µy + ρ

σy

σx
(x− µx), σ

2
y(1− ρ2)

)
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(c)

For Z = aX + bY , since linear combinations of jointly normal random variables are normal:

Z ∼ N(aµx + bµy, a
2σ2

x + b2σ2
y + 2abρσxσy)

Problem 10

Given joint PDF:

fXY (x, y) =

{
2e−2x

x , 0 ≤ x < ∞, 0 ≤ y < x

0, otherwise

First, find marginal PDF of X:

fX(x) =

∫ x

0

2e−2x

x
dy = 2e−2x, x > 0

So X ∼ Exp(2) and E[X] = 1
2 , E[X2] = 1

2 .
Now find E[Y ]:

E[Y ] =

∫ ∞

0

∫ x

0

y · 2e
−2x

x
dydx =

∫ ∞

0

2e−2x

x
· x

2

2
dx =

∫ ∞

0

xe−2xdx =
1

4

Find E[XY ]:

E[XY ] =

∫ ∞

0

∫ x

0

xy · 2e
−2x

x
dydx =

∫ ∞

0

2e−2x

x
· x

3

2
dx =

∫ ∞

0

x2e−2xdx =
1

4

Thus:

Cov(X,Y ) = E[XY ]− E[X]E[Y ] =
1

4
− 1

2
· 1
4
=

1

8

Problem 11

Let Xi be indicator random variable for person i getting their own hat back.

(a)

P (Xi = 1) =
1

n
, E[Xi] =

1

n

By linearity of expectation:

E[X] =

n∑
i=1

E[Xi] = n · 1
n
= 1

(b)

Variance: Var(X) =
∑n

i=1 Var(Xi) + 2
∑

i<j Cov(Xi, Xj)

Var(Xi) =
1
n

(
1− 1

n

)
For i ̸= j:

P (Xi = 1, Xj = 1) =
1

n(n− 1)

Cov(Xi, Xj) = E[XiXj ]− E[Xi]E[Xj ] =
1

n(n− 1)
− 1

n2
=

1

n2(n− 1)

Thus:

Var(X) = n · 1
n

(
1− 1

n

)
+ 2

(
n

2

)
· 1

n2(n− 1)
= 1− 1

n
+ 1 = 1

5



(c)

For large n, the distribution of X approaches Poisson(1). This is the limiting distribution of the number of
fixed points in a random permutation.
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