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1. Determine the correctness or incorrectness of the following statements and provide reasoning for
each :
(a) {N:} (Poisson process) is a stationary random process.

(b) Tt is possible to determine whether a random process is SSS by observing a sample path of
the process.

(c) Assume N(t) is a Poisson process with rate X and X, is the time of the first arrival. Given
that N(t) =1, X7 is uniformly distributed over the interval (0, ¢].

(f) Consider the process {X (t);t € R} where X (t) = At and A ~ N(0,1). The covariance of
X (t) is given by Cov(X (t1), X (t2)) = t1ta.

Solution:

(a) False: For example, E[N;] = At, which depends on ¢.
(b) False: According to the definitions, this statement is clearly incorrect.

(c) Correct: Suppose that for a Poisson process at rate A, we condition on the event { N (t) = 1},
the event that exactly one arrival occurred during (0,¢]. We might conjecture that under
such conditioning, ¢; should be uniformly distributed over (0,t). To see that this is in fact
so, choose s € (0,t). Then

Pty < s | N(t) = 1) = LS8 N(E) = 1)

P(N(@) = 1)
_ P(N(s) =1, N(t) - N(s) = 0)
P(NG) = 1)
e—/\s/\se—)\(t—s)
B e~ M\t
— Z

(f) Correct: Auto-Covariance Function:

COV(X(tl), X(fg)) = E[X(tl)X(tg)] = E[tlA . tQA] = tthE[A2] = tltg . Var(A) = tltg.
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2. Joyce receives Facebook updates from her three closest friends: Amy, Brenda and Cindy.
Each of her friends has different Facebook habits, with Amy sending her messages at a rate of
1/7 per day, Brenda at a rate of 1/2 per day, and Cindy at a rate of 1 per day. We assume that
the number of messages Joyce receives from her friends are independent Poisson processes.

(a) [5 prs] Let N(t) denote the number of messages Joyce receives from her three friends
during the period [0,¢]. Write down the PMF of N(t), ie., P(N(t) = n) for n =
0,1,2,....

Solution.:
Since the superposition of independent Poisson processes is again a Poisson process
whose rate is the sum of the rates, then N(t) is a Poisson process with rate
1,1, _2+7+14 23
T2 14 14
or equivalently,

6723t/14(23t/14)n
)

P(N(t) =n) = -

=0,1,2,....




(b) [8 prs| Compute the probability that the next Facebook update Joyce receives from her

three friends comes from Cindy.
Solution:
Since this is the same as the probability that the minimum of three independent ex-
ponentials, x4, xp and x¢, having rates 1/7, 1/2 and 1, respectively, is equal to &c,
then

1 14

P(Next update is from Cindy) = P(x¢ = min{xa, x5, Xc) = iri2+1 =%

[8 pTSs] Given that yesterday Joyce received 5 Facebook updates from her group of three
friends (during a 24 hour period), compute the probability that none of them are from
Cindy.

Solution.:

Let N4(t), Ng(t), and N¢(t) denote the number of Facebook updates from Amy, Brenda
and Cindy, respectively, that Joyce received during the period [0,t¢]. Then, we need to
compute

P(Ne(t) = 0|N(t) = 5) = LdVel) =0, N{t) =5)

P(N(t) = 5)
_ P(Nc(t) =0,Na(t) + Np(t) + Ne(t) = 5)
B P(N(t) =5)
_ P(N¢(t) =0)P(Na(t) + Np(t) =5) .
= ¢ PN (t?= 5) B (by independence)

el e WTH2)(1/7 +1/2)%/5!
e—(23/14)(23/14)5 /5!

C(/7+1/2° (9
~ (23/14)0 _<%>
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Question

Let {X,} be a weakly stationary process with mean zero and autocovariance function yx (7). Define a
new process Z; by:
Zy =X Xy . (1)

1. Determine whether {Z,} is weakly stationary by caleulating its mean and autocovariance function.
2. If X, is a white noisc process with variance o2, determine if {Z,} is weakly stationary. If so,
calculate its mean and autocovariance function.

Answer

1. Determine if 7, = X, X, | is weakly stationary
Mean of Z;: Since X is weakly stationary with mean zero, we have:
E[Z)] = E[X; Xi—1] = 7x(1), (2)

where yx (1) is the autocovariance at lag 1. Thercefore, the mean of Z,; is constant over time, assuming
vx (1) itself is constant.

Autocovariance of Z;: To check weak stationarity, we need to compute Cov(Z;, Z,4,) and sce if it
depends only on 7 and not on £. By expanding 72, = X, X, and Z,, = X, . X, .1, we get:

Cov(Zi, Ziyr) = BI(X X 1) (Xigr Xigr 1) — E[X X [E[X 4 Xy (3)

Since {X;} is weakly stationary, cach term E[X; X, 1] = x (1), so we simplify:
Cov(Z,Z1,) =E[X, X, 1 Xy Xy ] — “:’X(l)z- (4)
To proceed further, we would need higher-order moments of X, which depend on the specific distribution

of X;. Thus, without additional assumptions on X;, we cannot conclude whether Z; is weakly stationary.

2. If X, is a white noise process with variance o?:

Mean of Z;: If X, is white noise, then E[X; X;_;| = 0 since white noise is uncorrelated across time.
Therefore:
]E[Zd = E[XLX{_I] - U {5)

Autocovariance of Z;: For white noise, X; and X, ;| arc independent, so we can expand ]E[X (X1 X - X L+1—71]
based on whether 7 = 0,1, or 7 = 2:

o If7=0:
Cov(Z,, ) = E[(X,X,—1)%] = E[X?E[X] ] = o™, (6)

o If7=1:
Cov(Zy, Zi11) = B[ X, X, 1 X111 X)) = E[XJE[X,_1 X, 44] = 0, (7)

since X;_1 and X, arc uncorrelated in a white noise process.

o If 7 >2:

C()V(Zf,ZH.T) = E[X;)Xf_lX:_J'_-TXL_FT_]] = EIXLXL—I]E[XL+TX1‘,+T—1] = 0. (8)



Therefore, the autocovariance function vz (1) for {Z,} is:

ot if T =0,

0 ifr#£0. ®)

vz(7) =

This implies that Z; is weakly stationary, with mean zero and an autocovariance structure similar to
white noise, as all covariances (1) vanish for T # 0.
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3. Consider a WSS random sequence X |[n] with mean function py, a constant, and correlation
function Ry x[m]. Form a random process as

B — sinm(t —nT)/T
X@)= 3, Xr) 7t —nD)/T

(a) Find px(t) in terms of px.
(b) Find Rxx(t1,t2) in terms of Rxx[m]. Is X (t) WSS?



Solution:

Consider a W55 (Wide-Sense Stationary) random sequence X|[n| with: -
Mean function px (a constant) - Correlation function Rx x[m)]

The random process X(t) is defined as:

= sinw(t —nT)/T
XM= 3 X :rr{t—nT},r’T{

=—00

Part (a) Find pux(t) in terms of pux.
The mean of the process X(t), denoted as pux(t) = E[X(f)], is given by:

ux0)=£| Y X Tmt o

n=—0oo

Since expectation is a linear operator:

px(®) = Y EX) T IO

n=—od

Given E[X[n]] = px for all n (becanse X|[n] is WSS):

sinw(t — nT)/T
Hx(t) = px Z m(t —nT)/T

The sum:

= sinw(t —nT)/T
Z w(t —nT)/T !

fl=—0

This is due to the property of the Dirichlet kernel (sinc function as a sampling
reconstruction kernel).

Thus:
px(t) = px
Part (b) Find Rxx(t1.t2) in terms of Rxx[m]. Is X(t) WSS5?
The autocorrelation function Ky x(f,12) is defined as:
Ry x(t1.tz) = E[X ()X (t)]
Substituting the definition of X (t):

= sinw(t; — nT)/T - sinw(ty — mI)/T
R_J{X{fl:tﬂ}zE[( Z X[n] ﬂ'l::tEf— 'F‘I'.T:I;]{ )( Z -X[m] fr{f(:— :I‘J‘IT}I;"}JI; )]

= — = —

Expanding the expectation:

oo 3, 3 T

fi=—>00 = — 00



Since X [n| is WSS, E[X [n|X[m|] = Rxx|[n — m]|:

Z R x|K] Z sinw(ty — nT)/T sinw(ts — (n — k)T)/T

Rxx(t1,t2) w(t, —nD)/T =ty — (n— k)T)/T

k=—oa = —
Using the orthogonality of the sine functions:

sinw(t, —ty — kT)/T
I] — fg kT};‘T

Rxx(ty.ta) = z Ry x[k|

k=—o0

Now, for X(t) to be WSS, Rx x(t1.12) should depend only on 7 =t — ta:
Rxx(ti1,t2) = Rxx(7)

Thus, X (t) is WSS if Rx x(t1,t2) only depends on 7, which is satisfied here
since it depends on 7 through t; — t5.

Conelusion 1. px(t) = px 2. Bxx(ti1.t2) is derived in terms of Ry x|[m]|,
and X(t) is WSS,
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e 53323 X (1) S1 .U Rx () = $Inc(T) 5 00 o Kla b (s d3lp S X (H) o S 23
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H(f)={1 fI<1 .

0 otherwise
ub’-
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:('Ub Ry(T)
W wil < s
Sx(f) = {0 otherwise e
il
Sy (f) = Sx(f)IH(f)* = {(1) L{l;wie v)

Ry (1) = sinc(7) s 4

E[Y(1)%] = sinc(0) = 1= Var(Y(1) = 1) : .0

3l S Y (1),Y(2) Spte s s s E[Y(1)Y(2)] = Ry (1) = 0 :ls 30 5
Peld 5 s 0 Jie w55 55 Sl jio o aL(Jl S m58) 93 0p) S O

.l CDF sl wb () oF 13 " P(Y'(2) < 1|Y(1) <1) = P(Y(2) <1) = ¢(1)



