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Homework 3 Point Process, Poisson Process, Gaussian Process Solution

1. Let X and Z be IID normalized Gaussian random variables. Let Y = |Z|Sgn(X), where Sgn(X)
is 1 if X > 0 and —1 otherwise. Show that X and Y are each Gaussian, but are not jointly
Gaussian. Sketch the contours of equal joint probability density.

Solution:

Note that Y has the magnitude of Z but the sign of X, so that X and Y are either both positive
or both negative, i.e., their joint density is nonzero only in the first and third quadrant of the
X,Y plane. Conditional on a given X, the conditional density of Y is twice the conditional
density of Z since both Z and —Z are mapped into the same Y. Thus

Fxy(z,y) = (jr) exp (_m2—£y2>

for all z,y in the first or third quadrant.

\

2. A radioactive source emits particles according to a Poisson process of rate 2 particles per minute.

(a) Compute the probability p, that the first particle appears some time after 3 minutes and
before 5 minutes.

(b) Compute the probability p, that exactly one particle is emitted in the time interval from 3
to 5 minutes.

Solution:

(a) Recall that the time intervals 77, T, . . . for the jumps of the Poisson process are independent
identically distributed exponential random variables of rate A = 2. To say that the first



particle appears some time after 3 minutes and before 5 minutes is the same as to say that
3 < Tj < 5. Hence

5 5
pa =PB <T1 <5) = / 2e 2t = —e_zt’E} =e 610,
3

(b) For py, we ask also that there are no other particles arriving in the interval [3, 5], i.e. that
T1 + 15 > 5. Hence

5 5 5
p=PB<Ty <5T1+Ts >5) = / fr,(OP(Ty > 5—t)dt = / 2e He 200 gt = / 2¢ 104t = 4e710.
3 3 3

3. Given a normal process z(t) with 17, = 0 and R,(7) = 4e~2"l, we form the random variables
z=z(t+1), w=2(t—-1):

(a) Find E[zw] and E[(z + w)?].
(b) Find f,(2), P{z < 1}, and f,,(z,w).
Solution:

(a)

E{zw} = Ry(2) = 4e™4,
E{z*} = E{w?} = R,(0) = 4,
E{(z +w)?} = Ry(0) + Ry(0) + 2R, (2) = 8(1 + e %).

(b)

o 2z is normally distributed: z ~ A(0,4), so its probability density function is:
1 22
(2)=—exp|—— ).
) = e ()
o The probability P{z < 1} is:
1
P{z<1} =9 <2> ~ (0.6915.

o The joint probability density function f,,(z,w) is bivariate normal:

1 1 22 w? 4 ZW
- | — 27t
foulz,w) 2122 1—(64)26Xp< 2(1—e7®) [4 T D

where z ~ N(0,4), w ~ N(0,4), and their correlation coefficient is e~%.

4. In one of the ancient cities, there was a traditional restaurant that served as the main gathering
place for the city’s residents. Every morning, all the people lined up in front of the restaurant
and entered one by one. Once inside, they chose a table and stayed there until the end of the day.
One of the favorite pastimes of the residents of this city is choosing their table at random. Now,
suppose Nth person in line wants to enter while N — 1 people are already seated . This person



has two options: can sit at one of the tables that already have people, with the probability of
choosing table k£ (which currently has nj people seated) given by aniﬁou or alternatively, can
choose a new table with a probability of N%Ha, where ny is the number of people already seated
at table k, and « is a fixed constant. Considering this seating process, if the total population of
the city is M, and « is equal to 1, determine the average number of tables occupied in one day.

Express the answer in terms of H, (H, = > 1).

Solution:
ny number of tables at time ¢, Z; = ny — ny_1

o if k=1
Pla=h = {t_tia if k=0
t—14a -

t t
n=1+> Z, = EnJ=1+) E[Z]
T=2

T=2

t
a

E =1 — =H

[14] +T§27_1+a t

(a) Let X1 ~ N(0,0%) and X5 ~ N(0,03) be independent random variables. Show that X;+ X
follows the distribution N (0,0 + o3).

(b) Let Wi, W5 be ii.d. normalized Gaussian random variables. Show that a; Wi + aoWs is
Gaussian, N'(0, a? + a3).

(c) Using the result from part (b), to show that all linear combinations of i.i.d. normalized
Gaussian random variables are Gaussian.

Solution:
(a) Sum of Independent Normal Variables

Let Z = X7 4+ X5. Since X7 and X5 are independent, the density of Z is the convolution of the
X1 and Xy densities. For simplicity, assume O'g(l = ag(z =1.

F242) = i)+ fae) = [ " (@) fx (2 — 2)da

© 1 2 1 2
_ - —xf/2 +—(z—x) /2d
/oo \/2776 \/271'6 *

1 oo
_ 67(12+z272zx)/2dx
2 J_
L[ (az/2)2—22/a
2 J_
1 2 & 2
_ —z%/4 —(z—2/2) d
NG /_oo o ’
1 —22/4



since the last integral evaluates to 1 (as it represents the integral of a Gaussian pdf with mean
z/2 and variance 1/2). Thus, Z is Gaussian with zero mean and variance 2.

The trick used here is called completing the square. For the term z? + azzx + 822, add and

2,2 o
subtract “;=, resulting in:

o+ azx + o’ = (m+%)2
4 2/

This transformation allows us to integrate in Gaussian form.

Repeating the same steps for arbitrary 0'%(1 and 03(2, we get the Gaussian density with mean 0
and variance qu + 03(2.
(b) Linear Combination of Independent Gaussians
You could repeat all the steps from (a), but an insightful approach is to let:
X;=a;W; fori=1,2.
Since W7 and W5 are i.i.d. standard Gaussian random variables, the variance of Xj is:

Var(X;) = a?

)

fori=1,2.
Hence, the sum a1 W7 4+ aoW5 is Gaussian with variance:

Var(a1 Wy + aaWs) = a2 + a3.
Thus, a1 Wi + asWa ~ N(0,a? + a3).

(c) Induction for General Linear Combination of Gaussians

We now prove by induction that any linear combination of i.i.d. Gaussian random variables is
Gaussian.

The inductive hypothesis is that for a sequence {Wj;i > 1} of i.i.d. normal random variables,
and a sequence of constants {«a;;i > 1}, the sum:

Zn: a;W; ~ N (0, Zn: a?)
i=1 i=1

for some n > 1.

Base Case: For n = 2, from part (b), we have:

ar Wi + agWy ~ N(O, a% + a%)

Inductive Step: Assume the hypothesis is true for n = k, i.e.:

k k
ZaiWi NN (0,20&?) .
i=1 =1

Now consider the sum for n = k + 1:
k
X = Z OziWi.
i=1

4



By the inductive hypothesis, X ~ N (0, Zle a?). Since Wy is independent of X, and W1 ~
N(0,1), we have:

k+1
X + Oék;+1W,Ig+1 ~N <0,ZO&3) .
i=1

Thus, by the principle of induction, for all n > 1, any linear combination of i.i.d. Gaussian
random variables is Gaussian.

. Earthquakes occur in a given region in accordance with a Poisson process with rate 5 per year.

(a) What is the probability that there will be at least two earthquakes in the first half of 20207

(b) Assuming that the event in part (a) occurs, what is the probability that there will be no
earthquakes during the first 9 months of 20217

(c) Assuming that the event in part (a) occurs, what is the probability that there will be at
least four earthquakes over the first 9 months of the year 20207

Solution:

(a) The rate of earthquakes per year is given as 5. For the first half of 2020 (i.e., 6 months),
the rate is:

5
A months = 5= 2.5 earthquakes per 6 months.
The number of earthquakes, X, follows a Poisson distribution with parameter A = 2.5:

X ~ Poisson(2.5).

We are interested in finding the probability that there are at least 2 earthquakes:

P(X>2)=1-P(X=0)—P(X =1).

Now:
P(X >2)=1-¢2%5 - 25725,

P(X >2)~1—0.0821 — 0.2052 = 0.7127.

Thus, the probability that there will be at least 2 earthquakes in the first half of 2020 is
approximately:

0.7127],



(b) The earthquakes in 2021 will be independent of those of 2020.

Given: \ =5 per year, assuming occurrence to be homogeneous, we can assume A = 3.75
for 9 months.

e 3713750
P(X =0) = ——5—— =[0.0235

(c) In the first half of 2020 since the event in part (a) occurs, 2, 3, or more than 4 earthquakes
will occur. Hence, we have 3 cases:

Case I: 2 earthquakes in the first half of 2020 Hence, at least 2 earthquakes need to occur
in the next 3 months which are independent of the previous 6 months. Hence,

P(X = 2 in the first half) x P(X > 2 in the next quarter)

P I) =
(case I) P(X > 2 in the first half)

2! 0! 11
0.7127

Case II: 3 earthquakes in the first half of 2020 Hence, at least 1 earthquake needs to occur
in the next 3 months which are independent of the previous 6 months. Hence,

672'52.52 671‘251.250 671'251.251
x (1- e
= 0.128

P(X =3 in the first half) x P(X > 1 in the next quarter)

P(case IT) =
(case II) P(X > 2 in the first half)

e*2-§!2.53 % (1 _ e*1-2§!1.250) .
N 0.7127 o

Case III: 4 or more earthquakes in the first half of 2020 This is pretty straightforward.

P(X >4 in the first half)
P(X > 2 in the first half)

P(case I1IT) =

1 _ 672.52_50 672'52.51 672‘52.52 _ 672'52.53

0l i 21 30
pr— pr— . 4
0.7127 0.340

Hence, the total required probability will be:

P(X >4 in the first 9 months | X > 2 in the first 6 months) =|0.682

7. A stochastic process {X (t),t > 0} is said to be stationary if X (¢1),..., X (t,) has the same joint
distribution as X (¢t; + a),..., X(t, + a) for all n,a,tq,..., t,.

(a) Prove that a necessary and sufficient condition for a Gaussian process to be stationary is
that Cov(X (s), X(¢t)) depends only on ¢t — s, s < t, and E[X(t)] = c.

(b) Let {X(t),t > 0} be Brownian motion and define
V(t) = e 2 X (ae®).

Show that {V'(¢),t > 0} is a stationary Gaussian process. It is called the Ornstein-Uhlenbeck pro-
cess. (Hint: Brownian motion is a Gaussian process W; such that E[W;] = 0 and cov(W;, Wy) =
min(t, s).)

Solution:



(a) If the Gaussian process is stationary, then for ¢t > s:

X() ) 4 ( X(t—s)
(x9)# (0™
Thus E[X (s)] = E[X(0)] for all s and Cov(X (t), X(s)) = Cov(X(t — s),X(0)) for all t < s.

Now, assume E[X (t)] = ¢ and Cov(X (t), X(s)) = h(t—s). For any T' = (t1,...,t), define vector
Xr = (X(t1),...,X(tx))". Let T = (t; —a,...,tx —a). If {X(t)} is a Gaussian process, then
both X7 and X; are multivariate normal and it suffices to show that they have the same mean
and covariance. This follows directly from the fact that they have the same element-wise mean
c and the equal pairwise covariances, Cov(X (t; —a), X (t; —a)) = h(t; —t;) = Cov(X (t;), X (¢;)).

(b) Since all finite dimensional distributions of {V'(¢)} are normal, it is a Gaussian process. Thus
from part (a), it suffices to show the following:

E[V ()] = e *Y2E[X (ae®?)] = 0.
Thus, E[V (t)] is constant.
For s <'t,

Cov(V (s),V(t)) = e_a(t+8)/2Cov(X(aeas), X (ae®)) = e tH9)/2ge0s — ge—alt=9)/2
which depends only on ¢ — s.

. Let X; and Y; represent two independent Poisson processes with arrival rates A\; and Ao, respec-
tively, where these rates indicate the hourly arrival rate of customers at stores 1 and 2.

(a) What is the probability that a customer arrives at store 1 before any customers arrive at
store 27

(b) What is the probability that, during the first hour, the combined total number of customers
arriving at both stores is exactly four?

(c¢) Given that exactly four customers arrived across the two stores, what is the probability
that all four arrived exclusively at store 17

(d) Let T denote the arrival time of the first customer at store 2. Then, Xr represents the
count of customers at store 1 by the time the first customer arrives at store 2. Determine
the probability distribution of Xrp.

Solution:

(a) Probability that a customer arrives in store 1 before any customers arrive in store 2

Let T1; and Th; be the times of the i-th customer arriving at store 1 and store 2, respectively.
Let T = min(7y,T»), then we want to compute the probability P(T7 = T'). This can be
computed as:

A1
A1+ Ao

P(T1 =T) = / P(Ty > t)dP(T) =t) = / e M2t e Mt =
0 0

Thus, the probability that a customer arrives in store 1 before any customers arrive in store
2 is given by ﬁ



(b) The total number of customers arriving at the two stores by time ¢t = 1 is N(1) = Ny(1) +
Ny(1), where Ny(1) ~ Poisson(\;) and Ny(1) ~ Poisson(\g). Thus, N(1) ~ Poisson(A; +
A2), and we have:

(Al + )\2)46—(>\1+)\2)
4! '

(¢) Given Ny(1)+N3(1) = 4, the number of customers in store 1 follows a binomial distribution:

P(NY(1) = 4 | Ni(1) + No(1) = 4) = CD <A1A+1A2>4 _ (A1A+1A2>4‘

(d) Let T denote the time of the first arrival in store 2. Then X is the number of customers
in store 1 by time 7. Find the distribution of X7.
Since T' ~ Exp(Az2), the number of customers in store 1 by time 7 follows a Poisson
distribution:

) [e%e] (Alt)ke—)\]_t ot
P(Xr=k)= P Xr=Fk|T=t)fr(t)dt = T)Qe dt.
0 0 )

This simplifies to:

_d [ e Ao k! Ao A )
P(Xr = 72 (A1t) Mttt gy 22\ )k = )
(Xr k! /0 E (O -l-)\z)k“( ) A+ A2 \ A+ A
Thus, X7 ~ Geom (A1+>\2)
As YR
P(Xr=k)= .
( T ) AL+ A2 ()\1+)\2>

9. Suppose X (t) is a Gaussian process, with X (0) = 0 with probability 1. Suppose that X; + X ~
N (o, = s|>.

(a) Calculate the auto-covariance function.
(b) Calculate the distribution of (X (1), X (¢2),..., X (tn)).
)

(¢) Prove that such a process doesn’t exist.

Solution:

(a) Auto-Covariance Function

We know:
Xt+XsNN(07 |t—8|),
so:
Var(X; + X,) = Var(X;) + Var(X;) + 2 Cov(Xy, X5).
Since X (t) = 0 with probability 1, we have Var(X;) = 0 and Var(X;) = 0. Therefore:

2 Cov(Xy, Xs) = /|t — s,

which gives:

Cov(X (1), X(s)) = Rx(t,s) = V|t2_5|



(b) Joint Distribution

Since X (t) is a Gaussian process, the joint distribution (X (¢1), X (t2),..., X (¢,)) is multivariate
normal with:

E[X (t1), X (t2), ..., X (t;)] = (0,0, ...,0),

and the covariance matrix X is given by:

/t: — t:
ZZ]: ‘T/ .]"

2
Thus, the joint distribution is:

(X(t1>7X<t2)7 e 7X(tn)> NN(072)7

[ti—t5]

where Eij = 3

(c) Non-existence
We calculate the variance of X; — Xg:
Var(X; — X,) = Var(X;) + Var(X;) — 2Cov(X¢, X5),

where Var(X;) =0, Var(X;) = 0, and:

Cov(X,, Xa) = VL=

2

Thus, the equation becomes:

Var(X; — X5) =04+0—-2x Y—— = —/|[t —s| <0 fort+#s.

Since variance cannot be negative, this leads to a contradiction. Therefore, such a process does
not exist.



