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A necessary condition for Y (t) to be a Gaussian process is that the random variable Y (t)
be Gaussian for PI‘E"]"‘U time instant t. In particular Y(t) is Gaussian if it has a CDF of
the form Fyy (y) = ®((y — p) /o). For the given process, we can write the CDF of Y (t)
s

Fyy(y) = PY(t) <yl =Y P[Y(t) < y|N(t) = n] P[N(t) = n]
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Unfortunately, this sum cannot be reduced to a single ®(-) function. If this is not clear,
you should take a derivative of the CDF and see that you do not obtain a Gaussian PDF.
Thus Y (t) is not a Gaussian random variable and thus the process is not Gaussian.
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a. To find py(t), we can write

uy = uxH(0)
=0-1=0.

b. To find Ry(z), we first find Sy (f).

Sy(F) = Sx(OIH{)I*.

From Fourier transform tables, we can see that

Sx(f) = Fle )
2

T 1+ @t
Then, we can find Sy(f) as

Sx(NIH()?
2 Ifl <2

Sy (f)

0 otherwise
We can now find Ry(7) by taking the inverse Fourier transform of Sy (f).
Ry(z) = 8sinc(47),
where

sinc(f) = Sir::;f) s

c. We have

E[Y()?*] = Ry(0) = 8.



Solution: Let Ni(t) be the number of tazicabs leaving a hotel with exactly one person until
time t. Let Ny(t) be the number of taxicabs leaving a hotel with exactly two persons until time
t. Let Ny(t) be the number of taricabs leaving a hotel with exactly three persons until time
t. Then, Ny, Ny and Ny are independent Poisson processes. Let Ay, Ao, A3 be their respective
rates. We have that

A= (10)(0.60) = 6, A2 = (10)(0.30) = 3, A = (10)(0.10) = 1.

Let Y be the number of people who leave the hotel in 72 hours. Then, Y = N1(72)+2N2(72) +
3N3(72) be their respective rates. We have that

E[Y] = E[Ny(72) + 2N,(72) + 3N;(72)] = (72)(6) + (2)(72)(3) + (3)(72)(1) = 1080
Var(Y) = Var(N(72) + 2N,(72) + 3N5(72))
= Var(Ny(72)) + 4Var(Ny(72)) + 9Var(Ns(72)) = (72)(6) + (4)(72)(3) + (9)(72)(1) = 1944
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b) Similarly as before, for 0 < s < ¢, compute:

-F:‘}2|NI=2{S) - P(ﬁrs 2 2 | j\..'t - 2) =
_ P(N; =2,N; — N, =0) B

P(N, = 2)
2
— t—z .
2s 2t
S0 tha‘t ngUV::?{S) - f_z aﬂd ]E'(Sﬁ | P"rt - 2) - E

Next,
Fon=2(5) =P(N, 21| N; =2) =

_P(N,=1,N,—N,=1)+P(N,=2,N,— N, =0)
- P(N; = 2) B

_ 2st — 52
==

2(t — s ) t
so that fg, n,—2(s) = (t—f) and E(S; | N; =2) = 3



First note that

m 0
f(:l.‘l--r2'-"‘$" | 9} =EW

- n f+1
[H(l + ;)
i=1
Hﬂ-
= W

Here we have

U=]Ja+x)
i=1
Htc
9(u.0) = 53

h(zi,22,...,2,) =1

Thus, by the Factorization Theorem,

is a suflicient statistic for #.



(a) Using change of variable theorem:
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For finding normalization factor we consider /G (u s

distribution:

2(—1—(1—7;]2)!:_—”

- [P(z| p,0?) P (02| a,B)do?

A (xin)? 48

-

n 1 mn

nlS (- p)?+ -3) Since it is a

/p(;{: | ,u,cr?) P (02 | a,_ﬁ‘) da* =
1 3« T(a+n/2)

= (Qﬂ)n"lz ]_—(u-) (
So after normalization:

P(c*|z,0,8.p) ~ IG (rz—l—

n 1
2'2

n

i=1

P a+tn/2
L3 (i — )+ 5)

(@i — p)* + .5’)
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PROBLEM 5. (Problem 2.2.25).

Solution. Let Xi,...,X,, and Y7,...,Y, be i.i.d. as Unif(0,#) and Unif(0,8’), respectively. We
know that (X(,,),Y()) is a complete sufficient statistic of the data. (Lehmann and Casella, Ex-
ample 6.23.) Since

?

0 Ky e
—=FEp|X|=E
2 = E0[X] =60 |

+ X(m)
m

25X (i) is an unbiased estimator of f. Using Rao-Blackwell Theorem,

- 2 2 (m m+ 1
0 =Eg [E(X(” +ot X(m))'X(m)] = <( -1) +X(m}) = ——Xm)

is the UMVUE of 6. Now we will derive the UMVUE of 1/6'. Since Y{,,) = max{Y1,...,Y,}, the
cdf of Y, is
tn

P(Y’(n) < t) = P(Yl < t) P(Y < t) 9,



1

for ¢ € [0, 6']. Hence, Y,,) has pdf fyi () = %]ltelo,g:]. Therefore,

1 e 1 ny™! n 1
o [ﬁ] = S e

Hence, the UMVUE of 1/6' is

1 n-11

-9_’ n (n)
Therefore, since X™ and Y™ are independent, the UMVUE of 6/6' is
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(Y- (u_a-u_b))/2
S

e e VPF 222 %05 o) 4 0Z Jsa s anal ja b g
-164<(%-(u_a-u_b)y03<164
-049-033<-(ua-ub)<049-033
-087<-(u_a-u_b)<0.16
-016<u_a-u b<0.87

u_a = u_b is therefore not rejected

VY



